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Abstract. The purpose of this paper is to derive the analogue of Lebesgue-Radon- 
Nikodym theorem with respect to p-adic q-invariant distribution on Z p which is defined 
by author in [1]. 


§1. Introduction 

Let p be a fixed prime. Throughout this paper Z, Z p , Q p , and C p will, respectively, 
denote the ring of rational integers, the ring of p-adic rational integers, the field of 
p-adic rational numbers and the completion of algebraic closure of Q p , cf.[l, 2, 3]. Let 
v p be the normalized exponential valuation of C p with |p| = p~ y pU) — p~ x and let 
a + p N ^ p — {x G Z p \x = a( mod p N )}, where a G Z lies in 0 < a < p N . In this paper 
we assume that q G C p with |1 — q\ < p~'p =T as an indeterminate. We now use the 
notation 

[x\ q = [x:q]= ^ , cf. [1, 2, 3]. 

For any positive integer N we set 

(1) p q (a + p N Z p = ( see [1] ), 
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and this can be extended to a distribution on Z p . In this paper y q will be called p-adic 
g-invariant distribution on Z p . 

For f E (Z p , C p ) = {/I/ : Z p —> C p is -function }, the above distribution 
/iq yields an integral as follows: 

r i p"- 1 

(2) /«(/) = / }(x)dn q (x) = lim /(ar)g x , ( see [1] ) . 

JZ P N ^°° IP \q ^ 

This integral is called g-Volkenborn integration, cf. [1]. In [1, 3], the g-Bernoulli numbers 
are defined as 


( 3 ) 

Note that 


Pm,q 


- q iogq > Pm, q 


q X [x]™dfi q (x), to > 0 . 


1 




E JBrr- cf -w- 


Also, the g-Bernoulli polynomials are defined by 
(4) Pn,q(x) = 


q y [x + y]gdn q (y) = ^ Cf\q kx p k , q [x] 

k =0 ' ' 


n—k 


, n > 0. 


Let C(Z p ,Cp) be the space of continuous function on Z p with values in C p , provided 
with norm ||/||oo = sup xeZ \f( x )\- The difference quotient Ai/ of / is the function of 
two variables given by 

A ft \ f( X + m ) ~ f( X ) ,ii ^ ™ , n 

Ai/(to, x) = -, for all x,m E Z p , to ^ 0. 

TO 

A function / : Z p —» C p is said to be a Lipschitz function if there exists a constant 
M > 0 ( the Lipschitz constant of / ) such that 


|Ai/(to, x)| < M for all to G Z p \ {0} and x E Z p . 

The Cp-linear space consisting of all Lipschitz function ( or C^T-function ) is denoted 
by Lip(Z pi C p ) ( or C^(Z p , C p )). This space is a Banach space with respect to the 
norm ||/||i = ||/||oo V il^i/lloo- The purpose of this paper is to derive the analogue of 
Lebesgue-Radon-Nikodym theorem with respect to p-adic g-invariant distribution on 
Z p which is defined by author in [1], 
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2. Analogue of Lebesgue-Radon-Nikodym 

THEOREM WITH RESPECT TO p q ON Z p 

For / G C^(Z p , Cp), the g-Volkenborn integral is defined by 

r i p "- 1 

W) = / f(x)dp q (x) = lim f(x)q X , cf. [1]. 

K N ~*°o \p \ q ^ 

This definition is based on the p-adic ^-distribution on Z p , defined by p q (a + p N Z p ) = 

a 

r R . By the meaning of the extension of g-Volkenborn integral, we consider the below 

[P \q 

weakly (strongly) p-adic g-invariant distribution p q on Z p , satisfying 

(5) \\p n ] q n q (a + p n Z p ) - [p n+1 ] q p q (a + p n+1 Z p )\ < S n , 

where 5 n —»• 0, a G Z, and <$ n is independent of a ( for strongly p-adic redistribution, 
5 n is replaced by cp~ n , where c is positive real constant ). Let f(x) be be a function 
on Z p . Then the g-Volkenborn integral of f with respect to weakly p q is 

, p n ~ i 

(6) / f(x)dfi q (x)= lim /(^^(x + p^Zp), 

/'TT TV—>oo ' 

x=0 

if the limit exists. In this case we say that / is q -Volkenborn integrable with respect 
to n q . A distribution p q on Z p is called 1-admissible if 

|p,j(ci -|~P Zp) | < j 'Cm 

where c n —> 0. If p q is 1-admissible on Z p , then we see that p q is a weakly p-adic 
g-invariant distribution on Z p . Let p q be a weakly p-adic g-invariant distribution on 
Z p , then lim N[p N ] q P q {x + p N Z p ) exists for all x G Z p , and converges uniformly with 
respect to x. We define the g-analogue of Radon-Nikodym derivative of p q with respect 
to p-adic g-invariant distribution on Z p as follows: 

(7) fp (x) = lim [p N ] q p q (x + p N Zp). 

TV—xx) 

Let x, y G Z p with \x — y\ p — p~ m . Then x + p m Z p — y + p m Z p . Hence, we note that 

( 8 ) 

I/m, 0*0 - ffj, g (y) \ = \U q (x) - [p n ] q p q (x + p n Zp) - fp q (y) + [p n ] q p q {y + p n Zp) + 
[p n ]qdq(x + p n Zp) ~ \p m } q p q (x + p m Zp) - \p n ] qHq (y + P^p) + \p m ] q p q (y + p m Z p ) \. 
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If i~i q is strongly p-adic (/-invariant distribution on Z p , then we see that 

(9) \[p n ] q H q {x +p n Z p ) - \p m } q Hq(x + P m 1 p )\ < Cp ~ m , 

for some constant (7, and m < n. 

For n » 0, we note that 

I U q ( x ) ~ U q (v) I < C!p~ m = Ci\x - y\, 

where C\ is positive real constant. 

Therefore we obtain the following proposition : 

Proposition 1. Let u a be a strongly p-adic q-invariant distribution on Z„. Then 

fju p{ z p ,c P ). 

Let / G (Z p , C p ). For any positive integer a, with a < p N , define 

(10) pf, q {a+p n Z p )= f cj~ xpn ~ a f (x)dp q (x), 

J a-\-p n 7jp 

where the integral is (/-Volkenborn integral. 

Note that 


Hf q (a + p Z p ) = Inn - ——— f(a + P x) — hm 

^ J,qy pJ m^oo #+ n L v ' m—HX> 

lP J 9 x=0 

= r4r l Q~ pnx f( a +p nx ) d Tqp n (x). 

[P \q h v 

By(10), we obtain the following proposition: 

Proposition 2. For f,ge C^( Zp , Cp), we have 



Y /(a + p n x) 

x=0 


( 11 ) 


Paf+/3g,q ~ a Pf,q + 0Tg,qi 
\p f ,q(a + p n Z p )\ < \\f\\l\j^- 
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Let P(x ) G C p [[x] g ] be an arbitrary polynomials. We now give the proof that pp. q 
is a strongly p-adic g-invariant distribution on 7L p . It is enough to prove the statement 
for P(x) — [x] q . Let a be an integer with 0 < a < p n . Then we see that 


P m - n - 1 

PP, q {a + p n Zp) = lim —— Y t a + V P 
m IP \q ■ 


i=0 


n i k 

q 

p m-n _ 1 


P m - n -1 


= lim 

m —>oo 


T-sE [*!«'” + '" + b"lh“‘ E T-”>' 

i=0 4=0 


Because [a + ip n ] q — ([a] 5 + Q a [p n }q[i\ q p n ) ■ From (3), we note that 

P m - 1 


Pn,q= I q X [x} n q dp q (x) = lim -i- Y H 
Jz P m ^°° \P q l=Q 


Thus, we have 

[P"]a/ J p.<i( a + P" z p) 


( 12 ) 


+ n <f (i) ML 1 *,,.- + • • ■+ 

E — ’P-t [P"]h ai . where P»(a) = f-W) ' PMU 


4=0 


Z! 




The Eq.(12) can be rewritten as 

(13) dP, q {a + P n Z p) = +9 a /5i, (? P"-P , (a) ( mod [p n ] g ) . 

IP \q 


Let x be an arbitrary in Z p , x = x n ( mod p n ), x = £ n +i ( mod p n+1 ), where 
x n ,x n+ i are positive integers such that 0 < x n < p n and 0 < x n +1 < p n+1 . Then 

\[p n ]qPP, q (x + p n Z p ) - \p n+1 ] q fi Pyq (x + p n+1 Z p )\ 


E 

4=0 


?W( 


X r 


l\ 


-ft,,.- HP” - E P<-)( T +1 > ft,[p"i j. i ■ 


4=0 


Z: 


(14) 
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By (3), (8), (13) and (14), we easily see that. 

I \p n ]q^P,q(x + P n z p ) - \p n+1 ] q p P , q (x + p n+1 Z p )\ < C 2 p~ n , for some constant C 2 . 


Thus, we note that 

fvp, q ( a ) = lim [p n ]qix Pi q( a + p n Z p ) 


= lim ( 


q p - 1 
log qP n 


at + \p n ]qQ a [a 


k -1 


Pl,qP n +-I" \p n ]qQ ka Pk,qP n ) ~ [' a \q ~ P( a ) 


because lim^^oo q p = 1 for 11 — q\ p < p p- 1 . 

For all x G Z p , we have f PPq (x) — P(x), since f^p (x) is continuous in (7). Now 
let ffGC«(Z p ,g. By (12), we easily see that 


g(x)dp P) q(x ) 


P n -1 


p n -1 


hm ^ g{i)HP, q {i + P n % p ) = lim — ^ g(i) ^ ( . )(5 j ^ [p n Y q q ij [i 


k 

E 

3 -0 


i=0 

k 

j 


lq i =0 j =0 


' k-j 

J<? 


P n ~ 1 


r a \p n ]q ^ 

hm p 7 -, a p" 7 —2^ 


p"-i 


\p r 


ij\pk-j I _ 

l iq 


lq i =0 


1 


iq i =0 


= / g(x)[x\ q q X clp q {x), 


where the last integral is g-Volkenborn integral on Z p which is defined by author in [1], 
Therefore we obtain the following theorem: 


Theorem 3. Let P(x) G C p [[a:] g ] be an arbitrary polynomials. Then p P)q is a strongly 
p-adic q-invariant distribution, and for all x G Z p , 

(!5) f PP , q (x) = P(x). 

Furthermore, for any g G C^(Z p , C p ), 


( 16 ) 


g{x)dp P) q{x) = / g(x)P(x)q X dg q {x), 
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where the second integral is q- Volkenborn integral. 

Let f(x) = Y^=o a n,q^n) q be g-Mahler expansion of the ^-function of /. 

Here ’ O q = [ cf -[ 2 ]' Then we note that hm nn\a n , q \ = 0, (see [2]). 

Remark. In the recent, the (/-Mahler expansion was introduced by K. Conrad, cf. [2], 

Consider f m (x) = Ya=o a hq{D q e C p[Mg]- Then ||/-/m||i < sup n > m n|a n J, cf.[l, 
2], Writing / = f m + (/ — / m ). By using (11), we can observe that 

I \p n }qhf, q ( a +P n Zp) - [P^qhf^ + P n+ 1 Z p)\ 

< max{\\p n ] q p fmtq (a + p n Z p ) - \p n+1 ] q ti fm , q (a + p n+1 Z p ) |, 

I \p n ]qhf-fmA a + P nZ p) - \p n + 1 ]qhf-fmA a + P n + lz p)\}- 

From Theorem 3, we note that t L f m ,q * s a strongly p-adic (/-invariant distribution on 
Z p . Moreover, if m » 0, then we know that 

\[p n }qPf-fmA a + P nz p)\ < 11/-/mill <C 3 p~ n : 

where C 3 is some positive real constant. Also for m » 0, it follows that 11/| |i = | |/ m .| |i 
and so 

|[p”]»w„,,(»+p“Zp) - [p" +1 U/„,,(‘‘ + p" + %)I < c 4 p-", 

where C 4 is also some positive real constant. 

We now observe that 
l/W - \p n ]qhf,q( a + P UZ p)\ 

= I/(«) - fm(a) + fm(a ) - \p m ]qPf rn ,q(a + p n Zp) - \p n ] q Pf-f m , q (a + P n Z P )| 

< max{|/(a) - / m (a)|, \f m (a) - \p n } q p frn , q (a + p n Z p )\,\[p n } q p f - fm , q {a + p n Z p )\} 

< max{| f(a) - f m (a) |, |/ m (o) - \p n } q Pf m , q {a + p n Z p ) |, | \f - f m \ |i}. 

Now if we fix e > 0, and fix m such that ||/ — f m \\i < e, then for n » 0, we have 

l/(o) - [P n ]qPf, q { a + P nZ p)\ < e - 


That is, 

( 17 ) 


= lim |p"],(j/,,(o + p"Zp) = /(a). 

J * n—>oo 
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Let m be the sufficiently large number such that \ \f — f m \\i < P 2n • Then we see that 


Wf-f m ,q{ a + P n ^p)\<^^\\f-frn\\l<\p n ]qP 2 " < P "• 

Hence, we have 

Pf,q( a T P ^p) = Pfm,q( a T P ^p) T Pf-fm,q( a T P ^p) = Pf m ,q( a T P ^p) 
^ = "|^p/W n “ Pi,q* n fm( a ) = - f3i, q p n f\a) (mod[p n ] q ) . 

Let g G C'T)(Z p ,C p ). Then 

, p n -i 

/ 9 ( x )d^f, q {x) = lim ^ g{i)n fiq {i + p n Z p ) 


P n -1 

lim V g( 

n. < 


= lim 


1 p " _1 1 p ” _1 \ 

nT 5Z - 2 

*=o i=0 / 


= / g{x)f{x)q X dp q (x ), 

because limjj^oo (3k,q n — Bk, where £>/■ are the ordinary k-th Bernoulli numbers. 

Let <5 be the function from C'l 1 l(Z p ,C p ) to Lip( Z P ,C P ). We know that p q is a 
strongly p-adic g-invariant distribution on Z p , then \f Pq (a) — [p n ] q p q (a+p n Z p )\ < Cp~ n 
for any positive integer n. Let pi q be the strongly p-adic g- invariant distribution 
associated to f p ( fi\, q = S(f p )). If is the associated strongly p-adic g-invariant 
distribution on Z p , then , by (18), we have 

\[p n ]qdi,q{a + p n Z p ) - f Pq (a) | < max{p _n ,p _n |/3 0gP «/'(a)|} < C 5 p~ n , for n » 0, 

where C§ is a some positive real constant. Because [p n ] q = 0 ( mod p n ). 

This shows that for sufficient large n 
\p q (a + p n Z p ) - pi i9 (a + p n Z p )| 

= | \p n ]qPq{ a +P n Zp) ~ fp q ( a ) +fp q ( a ) - [P n ]qdl,q( a +P nz p)\ 

< ma x{p n p- n C 6 ,p n p~ n C 7 } < M, 
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where Cq, C-. M are some positive real constants. 

Thus, n q — /ii.q is a distribution and bounded. Hence, pt q — pi A is a measure on Z p . 
Therefore we obtain the following theorem: 

Theorem 4. Let p q be a strongly p-adic q-invariant distribution on Z p , and assume 
that the Radon-Nikodym derivative f^ q on Z p is a -function. Suppose that pi tq is 
the strongly p-adic q-invariant distribution associated to f /Jq {pi, q — d(f^ q )), then there 
exists a measure p, 2 , q on Z p such that 

(19) hq — hl,q T h2,q- 


Eq.(19) is p-adic analogue of Lebesgue decomposition with respect to strongly p-adic 
(/-invariant distribution on Z p . 
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